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Abstract

We prove that the maximal cp-rank p,, satisfies p, > n(n — 3)/2 for odd n > 5 and p,, >
n(n—3)/2—1 for even n > 6. Together with the known upper bound p,, < (";1) — 4, this gives
pn =n2/2+4 O(n).
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1 Introduction

A real symmetric n x n matrix A is completely positive if A = BBT for an entrywise nonnegative
real matrix B with finitely many columns. Its cp-rank cpr(A) is the least possible number of
columns of a matrix B in such a representation; set cpr(0) = 0. Write CP,, for the cone of these
matrices and

pn = max{cpr(A): A € CP,}. (1.1)

Write R = {x € R" : x; > 0 for every i}; thus x > 0 means that every coordinate of x is
nonnegative. A real symmetric n X n matrix S is copositive if 2" Sz > 0 for every z € R .

Drew, Johnson, and Loewy conjectured p, = [n?/4] for n > 4 [1]. Bomze, Schachinger, and
Ullrich disproved this at orders 7-11 [5] and at every order n > 12 [3]. The general upper bound
Pn < (n;rl) —4 for n > 5 is [2, Corollary 5.2]. Relative to this upper bound, the lower bounds of [3]
and [4, Theorem 7.4] leave gaps of O(n%/?) and O(nloglogn), respectively.

We follow [5, Sections 2-3] and [3, Lemmas 2.1-2.2 and Example 3.1] in using copositive matrices
with nonzero vectors u > 0 satisfying 4" Su = 0 and in deleting the same coordinates from rows
and columns. Let S be the order-seven matrix of [5, Example 1]. With zero-based indices modulo
7, the choice t = 47 — Tarccos(—1/6) in our family gives S;; = §2i,2j /162. Here we give a uniform
family in every odd order, prove its copositivity, classify all such vectors up to positive scaling, and
obtain explicit lower bounds in both parities without finite-order computation.

Theorem 1.1. For every integer n > 5, put £, =0 if n is odd and €, = 1 if n is even. Then

n(n2_ 3) —E&n Pn < <n; 1) —4. (1.2)

Thus p, = %nQ + O(n). The difference between the upper and lower expressions in (1.2) is
2n — 4 + &,. The construction gives the lower expression on a particular subset of CP,,; (1.2) does
not assert an exact value of p,.
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At n =5, our bound 5 compares with p; = 6 [2, Remark 5.1]. At n = 6, our bound 8 compares
with 9 < pg < 15 [3, Table 2] and [2, Theorem 6.1]. At n = 7,13 our bounds match published
lower bounds 14,65 [5, Example 1] and [3, Table 1]; at n = 14,15 they give 76,90, below 80,95
[3, Table 1]. For n = 8,...,12, our values 19,27, 34,44, 53 exceed the published 18, 26, 30, 37, 50 [5,
Examples 2-3], [3, Table 1], and [4, Table 1].

The proof classifies the finitely many nonnegative vectors u # 0 with u' Su = 0 for a suitable
copositive S, up to positive scaling. Every nonzero factor column of a completely positive matrix
orthogonal to S is a positive multiple of one of them. Lemma 2.1 shows that the dimension of the
span of their outer products is the maximum cp-rank among these matrices; Sections 3—5 compute
it in odd and even order.

2 Finite zero sets and cp-rank

Let S be any real symmetric n x n matrix. A nonzero vector u € R’} with uw'Su = 0 is a
nonnegative zero of S. Its support is supp(u) = {i : u; > 0}. The ray generated by a
nonnegative zero u is {cu : ¢ > 0}; two nonnegative zeros determine the same ray exactly when one
is a positive multiple of the other. We call such a ray a zero ray of S.

On the space of real symmetric n X n matrices, we use the Frobenius inner product (S, A) =
tr(SA). An exposed face of a cone K is its intersection with the zero set of a linear functional
that is nonnegative on K. If S is copositive, then for every A = BBT € CP,,, writing the columns
of B as by,...,bs gives (S, 4) =375, b}—Sbj > 0. Hence the following set is an exposed face of the
completely positive cone CP,,:

F(S)={AeCP,: (S, A) =0}. (2.1)
The following finite-zero principle appears in [5, Lemma 2.1] and [3, Lemmas 2.1-2.2].

Lemma 2.1 (ﬁnite—zero face). Suppose a copositive S has exactly ¢ < oo nmonnegative zero rays,
represented by uV, ... uD. If

h = dimspan{u@u@7T : 1 < a < ¢}, (2.2)
then the maximum cp-rank of matrices in F(S) is h.

Proof. If ¢ = 0, then F(S) = {0} and h = 0. Otherwise, choose a factorization A = BBT for
A € F(S). Copositivity makes every summand’s pairing with S nonnegative, so each nonzero
column of B lies on a listed zero ray. Thus F(S) is generated by their outer products. The conic
form of Carathéodory’s theorem says that any point of a cone spanning an h-dimensional space is a
nonnegative combination of at most h generators, so cp-rank is at most h. A point of F(.S) outside
the finitely many spans of fewer than h generators has cp-rank h. Such a point exists because a

finite union of proper linear subspaces cannot cover an h-dimensional cone.
O

3 A copositive family in odd order

Let n =2m + 1 > 5 and index coordinates by Z/nZ in cyclic order. We also regard index i as the
vertex at polar angle 27i/n of the unit regular n-gon. The cyclic distance d(i, ) is the smaller
number of steps along the polygon from i to j, so 1 < d(i,7) < m for i # j. A cyclic interval of
L stepsis {i,i+1,...,i+ L} modulo n, where 0 < L < n. Fix



2w 2w+ 3t

= — 1<k< 1
O<t<2n_3, a p— op=ak—t (1<k<m), (3.1)

and define a real symmetric matrix S by
Si=1,  Sij=cosdauy (i#7]) (3:2)

At n = 5, the matrices in (3.2) belong, up to a permutation of coordinates, to Hildebrand’s
order-five copositive family [6].

This matrix is circulant: its entries satisfy Sj;4 j+n = S;; for every h € Z/nZ.

The interval in (3.1) gives 0 < ¢1 < -+ < ¢y, < 7. Indeed ¢1 = (27 — (n — 3)t)/n > 0 and
¢m =7 —7/n+ (n—3)t/(2n) < 7. The pair angle of {7, j} is ¢g(; j)- For an index set I, the
principal submatrix on I is S; = (Si;)i jer-

For three distinct vertices vy, v2, v3 in cyclic order, choose representatives 0 < v1 < vg < v3 < n.
Their cyclic gaps are kK = v9 — v1, £ = v3 — v, and r = n + v — v3: the positive numbers of
steps from vy to vy, from vy to v3, and from v back to vy. They satisfy k + £ 4+ r = n; starting the
cyclic listing at a different vertex only permutes them cyclically. We call the triple surrounding
if k,£,7 < m. Then each gap is the cyclic distance of its endpoint pair, and the three pair angles
sum to a(k + ¢ +r) — 3t = an — 3t = 27.

For example, let n = 7, m = 3, t = 7/9 (which satisfies (3.1)), and therefore a = 7/3. The triple
{0,2,4} has gaps (k,¢,7) = (2,2,3), so it is surrounding. Its pair distances are d(0,2) = d(2,4) =2
and d(4,0) = 3; the pairs {0,2} and {2,4} each have angle ¢o = 57/9, while {0,4} has angle
¢3 = 81/9. These three angles sum to 2.

Lemma 3.1 (triangle zeros). Let T' = {v1,v2,v3} be a surrounding triple, with its vertices listed in
cyclic order and gaps k,£,r as above. Up to multiplication by a positive scalar, there is exactly one
nonnegative zero u of S with supp(u) = T'. A representative, with all other coordinates zero, is

Uy, = Sin ¢y, Uy, = Sin ¢y, Uy, = SiD Py, (3.3)

Proof. For the vertices in cyclic order, take planar unit vectors wi, wo, ws at angles 0, ¢x, ¢ + ¢.
Their Gram matrix, the matrix (w, - wb)ib:l of pairwise inner products, is S, and sin ¢pw; +
sin ¢,wo + sin ¢pws = 0: the vertical coordinate is sin ¢ (sin ¢, + sin(¢pr + ¢¢)) = 0, and the
horizontal coordinate is sin ¢y + sin(¢r + @) = 0, using ¢ + ¢¢ + ¢» = 27. Thus (3.3) is the unique
nonnegative kernel ray of the rank-two positive semidefinite matrix St. O

In the seven-vertex example, (3.3) gives up = ug = sin(57/9) and uy = sin(87/9), with all other
coordinates zero.

We now prove that S is copositive and has no other zeros. An open semicircle means an
open arc of angular length 7 on the unit circle. The next lemma concerns the regular n-gon defined
above.

Lemma 3.2 (four-vertex geometry). A vertex set containing no surrounding triple lies in an open
semicircle, hence in a cyclic interval of at most m steps. A four-vertex set containing a surrounding
triple contains exactly two such triples. They share a pair {i,j}.

Proof. A surrounding triple is precisely a triple of polygon vertices whose convex hull contains the
origin: three points on a circle enclose its center exactly when they do not fit in an open semicircle,
equivalently when none of their cyclic gaps exceeds m. If the origin were in the convex hull of a
vertex set, planar Carathéodory’s theorem would put it in the convex hull of at most three of those



vertices. One vertex cannot contain the origin, and a segment between two vertices could contain
it only if they were antipodal, impossible for odd n. Hence a set with no surrounding triple has a
convex hull omitting the origin. A linear functional strictly positive on this convex hull places all
its vertices in an open half-plane through the origin, hence in an open semicircle spanning at most
m cyclic steps.

For four vertices let g1, g2, g3, g4 be their cyclic gaps, summing to 2m + 1. If any ¢g; > m, no
triple is surrounding. Otherwise the triple obtained by omitting a vertex is surrounding exactly
when the two gaps merged by that omission sum to at most m. The sums g; + g2 and g3 + g4 add
to 2m + 1, so exactly one is at most m; the same holds for g2 4+ g3 and g4 + g1. Hence exactly two
triples are surrounding. They share a pair. O

Lemma 3.3 (overlapping triangle zeros). If u,v represent the rays of the two surrounding triples
in a four-set, then u' Sv > 0.

Proof. Because S depends only on cyclic distance, rotations and reflections preserve it. Relabel the
common pair as {0, k} with 1 <k <m. A third vertex of a surrounding triple through this pair lies
in {m+1,...,m+k}. Write the third vertices of u, v as p, q, respectively, and set d = d(p, q) = |[p—q|,
sol <d<m-—1. Since 1l <p—k,n—p < m, we have ap — 2t = ¢y, + ¢p—1, = 27 — Pp—p, and
likewise for g. Choose planar unit vectors at angles 0, ¢, ap — 2t, aqg — 2t, indexed by 0, k, p, q, and
let G be their Gram matrix. Since an = 27+ 3t, its entries agree with S on each surrounding triple,
while Gy, = cos(ad). Each of u,v is a dependence among its triple’s planar vectors, so u'Gv = 0.
The only entry at which S and G can differ in u"Sv is the pair {p, ¢}:

u' Sv = uyvg[cos(ad — t) — cos(ad)] = 2u,vy sin(ad — t/2) sin(t/2) > 0. (3.4)

Here ad — t/2 > 0 follows from a > ¢, and ad < 7 follows from d < m — 1 and t < 27/(n — 3),
a weaker consequence of (3.1). O

Proposition 3.4 (complete zero list). The matriz S is copositive, and its nonnegative zero rays
are exactly those in Lemma 3.1.

Proof. Minimize 'Sz on the simplex A = {z > 0 : >, 2; = 1}, and let I be the support
of a minimizer. If I contains no surrounding triple, Lemma 3.2 places it in a cyclic interval
{s,s+1,...,s+ L} modulo n, with L < m. For each i € I, choose the unique r; € {0,..., L} with
i=s+r; (modn), and let G;; = cos(a(r; —r;)), a planar Gram matrix. For ¢ # j in the interval,
d=|ri—r;| <m and

Sij — Gij = 2sin(ad — t/2) sin(t/2) > 0. (3.5)

Indeed a >t and am —t/2 = 7 — w/n+ (2n — 3)t/(2n) < w. The diagonals agree. Since G is
positive semidefinite, the off-diagonal correction gives 'Sz > 0 for supports of size at least two;
singleton supports have value one.

If I is a surrounding triple, Sy is positive semidefinite by Lemma 3.1. If I contains a surrounding
triple and at least one more vertex, choose a four-set inside I containing it. Let u,v be its two
triangle rays, each normalized to have coordinate sum one. Then y = u—v has coordinate sum zero,
and Lemma 3.3 gives y' Sy = —2u' Sv < 0. Both x+ ey and x — ey remain in A for small € > 0, but
the average of their quadratic values is 2T Sz + €2y Sy < 2T Sz, contradicting minimality. Hence
the minimum is nonnegative and S is copositive.

A normalized zero minimizes on A, so the cases force its support to be a surrounding triple; St
then forces (3.3). O



4 The odd-order face dimension

Index the rows of M and H by surrounding triples 7. Index the columns of the zero—one matrix
M by unordered pairs e = {i,j} with 0 < i < j < n, and set My, =1if e C T and My, = 0
() T~ 0 for i ¢ T. Index the

otherwise. For each T', let u'"/) be the representative in (3.3), with w;

columns of H by (i,7) with 0 <i < j < n and define

Hrgp=u"uf? (0<i<j<n).

Thus (4,4) labels a diagonal coordinate, while for ¢ < j the column (7, j) of H corresponds to
the column {4,j} of M. The rank of H is the dimension h in (2.2).

Lemma 4.1 (rank transfer). rank H = rank M.

Proof. For a triple T' = {i, j, k}, let gr = sin ¢; j) sin @q(; k) Sin Gg(jxy > 0. For a pair e = {a,b}
write d(e) = d(a,b), and let Hog be the block of H with only off-diagonal columns. If e C T,
equation (3.3) gives uqupsin ¢4y = gr. Thus

Hog = diag(gT) M diag(l/Sin de(e))? (41)

Both diagonal factors are invertible, so this block has rank rank M. For every zero u and
vertex ¢ with u; > 0, varying that coordinate slightly in both directions preserves nonnegativity.
Copositivity and u' Su = 0 therefore give (Su); = 0. If u; = 0, the following equation is trivial.
Hence

ulz = — Z Sijuiuj. (4.2)

J#i
Each diagonal column of H is a fixed linear combination of its off-diagonal columns. It adds no
rank. O

Lemma 4.2 (cyclic incidence rank). For every odd n =2m+1 > 5,

(n ~ n(n—3)
rank M = <2> = (4.3)

Proof. Because n is odd, every unordered pair has a unique form {i,7 + k} with 1 < k < m. Label
it by (i, k) and write z;, for its coordinate. For a surrounding triple with directed cyclic gaps
k.,£,r <m and k + ¢+ r = n, the equation Mz = 0 is

Tk + Titke + Titkrer = 0. (4.4)

Over C, the functions i + z* for 2 = 1 form a basis of functions on Z/nZ. Thus every array x
has the Fourier expansion

n—1
Tik = Z 2 fi(z), fe(z) = % Z Z_ixi,k-
i=0

zn=1

Substitution into (4.4) and comparison of the independent functions i ~ 2% show that the
complex kernel splits into modes x; j, = 2' fi., one for each z. The equations for a mode are

fo+ 25 fo+ 25 =0 (k+l4+r=n; 1<k lr<m). (4.5)



For z # 1, subtract the equations for (k,m+1—k,m) and (k,m, m+ 1 — k); the result is (4.6).

(1= 2™) g = (1= 2" F17R) £ (4.6)

Since ged(m,n) =1, 2™ # 1. As k varies, (4.6) fixes every f; as a multiple of 1 —2z7. Conversely
these values satisfy (4.5), whose left side telescopes to 1 —2" = 0. Thus the kernel in each nontrivial
mode has dimension one.

For z = 1, compare the equations for (k,m+1—k,m) and (k+1,m+1—-k,m—1),1 <k <m-1.
They give fr+1—fk = fm—fm—1, s0 fr = Ak+B. Every equation (4.5) then reduces to nA+3B = 0.
This mode also has dimension one. There are n values of z, so dim¢ ker M = n. The matrix M is
real, hence its real nullity is n as well. With (%) columns, (4.3) follows. O

By Proposition 3.4, Lemmas 2.1, 4.1, and 4.2, the exposed face F'(S) C CP,, has maximum
cp-rank exactly n(n — 3)/2. This proves the odd case of the lower bound in Theorem 1.1.

5 One-coordinate restriction and even order

Let N =2m > 6, let n = N +1 = 2m + 1, and form the odd-order matrix S in (3.2). Delete
coordinate 0 to obtain an N x N principal submatrix S’. It is copositive because a nonnegative
vector on the surviving coordinates extends by zero. Such a vector is a zero of S’ exactly when its
zero extension is a zero of S. Proposition 3.4 therefore says that the zero rays of S’ are precisely
the surrounding-triple rays avoiding 0.

Let M’ be the submatrix of M with rows for surrounding triples avoiding 0 and columns for
pairs of surviving vertices. The rank transfer in Lemma 4.1 applies to this sublist: equation (4.1)
restricts to its rows and surviving pairs, and (4.2) uses only surviving coordinates. We calculate
rank M’.

Proposition 5.1 (restriction rank). For every m > 3,

rank M’ = (2;71) —2m—1:N(NZ_3)—1. (5.1)

Proof. Divide the columns of the full odd-order matrix M into Py, the pairs avoiding 0, and P,,
the pairs through 0. Divide its rows into those avoiding 0, whose P, block is M’, and the rows Ry
of surrounding triples through 0. Write U for the row space of M’ padded by zeros on P,, and W
for the row space of Ry. Since rowspace M = U + W,

rank M’ = rank M — rank Ry + dim(U N W). (5.2)

A triple {0, j,k} with 1 < j < k < 2m is surrounding exactly when j < m < k and k — j < m.
Encode these triples by the edges of a bipartite graph B with left vertices 1, ..., m and right vertices
m+1,...,2m, where j is adjacent to m +1,...,7 +m. Write E(B) for its edge set. The graph is
connected and has

IE(B)IzijZQ. (5.3)

Each row of Ry contains the Py coordinate indexed by its pair {j,k}, which occurs in no
other row of Ry. Thus its rows are independent and rank Ry = |E(B)|. For a pair {a,b}, let by
be its unit coordinate vector in the space indexed by all unordered pairs. An element of W is



> jker(B) Nik(boj + ok + bjk). Its P coordinates vanish precisely when }° 5, Ay = 0 at each vertex
v of B. Define Z(B) = {\ € RF(B) . > v Ay = 0 for every vertex v}, and use the same definition
for subgraphs G of B. For an edge weighting A € RP(@) | its support is {e € E(G) : A # 0}.
Orient each edge of G from left to right, and let D¢g be its vertex-edge matrix, with —1 at the left
endpoint, +1 at the right endpoint, and zero elsewhere. The equations DgA = 0 differ from the
defining vertex-sum equations only by signs, so Z(G) = ker D¢ is the real cycle space of G. The
map m(A) = ke p() Ajkbjk is injective, so dim(U N'W) equals the dimension of the A € Z(B) for
which w(\) € U.

The edge e, = {m, m + 1} belongs to B but its column in M’ is zero. Indeed no surrounding
triple avoiding 0 contains both m and m+1: a third vertex on either complementary arc makes one
cyclic gap exceed m. Hence w(\) € U implies A\, = 0. Let B —e, be the graph obtained by deleting
this edge, and regard Z(B — e,) as a subspace of R (B) by assigning zero to its e, coordinate. This
gives the upper inclusion

{ANeZ(B):m(\) eU} CZ(B —es), (5.4)

We prove the reverse inclusion by four-cycles. For any cycle in a bipartite graph, its cycle
vector assigns alternating +1 and —1 to successive edges and zero to all other edges. A four-cycle
in B has vertices j < j' <m < k < k¥’ with ¥’ — 7 < m and alternating pair-coordinate vector, the
image of its cycle vector under m, v = bj, — bjiy + bjrir — bjp. It avoids e, exactly when j/ <m —1
or k > m+ 2. In the first case set £ = j' +m + 1 > k’; in the second set £ = k —m — 1 < j.
The defining inequalities of B show in either case that all four triples {j, k, ¢}, {j', k, ¢}, {4/, k', ¢},
and {j, k', ¢} are surrounding and avoid 0. Indeed, for = € {j,j'} and y € {k, ¥’} the cyclic gaps of
{z,y,¢} are, in the first case, y — 2z <m, L —y <m,n—{+z=m+x —j < m; in the second
case they are x — ¢ <m,y—x <m,n—y+{=m+k—y <m. If T, denotes the incidence row
of {z,y, z}, cancellation of the pairs through ¢ gives

Tike — Tjre + Tjrgrg — Thpre = 0. (5.5)

Thus every four-cycle vector of B — e, maps into U.

These four-cycles span Z(B — e,). For any nonzero A in this space, a vertex incident with
exactly one edge in its support would violate the vertex-sum equation. Thus every vertex incident
with a support edge has degree at least two there, and the finite support subgraph contains a cycle.
Subtract a multiple of that cycle’s vector to eliminate one support edge, without adding edges to
the support; finitely many repetitions show that cycle vectors span the space. Now consider a cycle
C of length at least six. Choose its largest left vertex j. other than m. Every right vertex k& on
C has a cycle-neighbor j, # m, so k < j, + m < j. +m. Thus j, is adjacent in B — e, to every
right vertex of C'; this edge cannot be e,, since j, # m. There are at least three right vertices but
only two cycle-neighbors of j,, so C has a chord, an edge joining two nonconsecutive vertices of
C. Tt divides C' into two shorter cycles. Choose the signs of their alternating cycle vectors so their
chord entries cancel; their sum is the cycle vector of C'. Repeating this split expresses that vector
as a sum of four-cycle vectors. Also, B — e, remains connected when m > 3: m meets every right
vertex except m + 1, the latter meets every left vertex except m, and m,m + 1 are joined by the
path m, (m + 2), (m — 1), (m + 1). For G = B — e, the equation D{,c = 0 makes the vertex labels
c equal across every edge. Connectedness makes ¢ constant, so rank Dg = 2m — 1 and

m(m —3)

dim Z(B — e.) = (B(B)| - 1) — 2m + 1= "

(5.6)



Equations (5.4)—(5.6) show that dim(UNW) = m(m—3)/2. Substitute this, (5.3), and rank M =
(*") — (2m + 1) from Lemma 4.2 into (5.2). The result is rank M’ = 2m? — 3m — 1, which is
(5.1). O

Proof of Theorem 1.1. The odd lower bound follows after Lemma 4.2. For even n = N > 6, the
rank transfer of Lemma 4.1 applies to the surviving zero rays, so Proposition 5.1 and Lemma 2.1
give a matrix in the exposed face F(S’) C CPy of cp-rank N(N — 3)/2 — 1. The upper bound is
[2, Corollary 5.2]. Subtracting the two expressions in (1.2) gives 2n — 4 + ¢,,. O
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