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Abstract

We prove the Wang transform inequality in every order: if n is a positive integer, A is a
nonnegative n X n matrix whose row and column sums equal one, and .J,, has every entry 1/n, then

nJ, +A
A> — .
per per( —— )

Equality holds exactly when A = J,,. We also obtain an explicit positive quadratic gap for every
n > 2.
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1 Introduction and main results

For a positive integer n, let [n] = {1,...,n} and let S,, be its permutation group. The permanent of
an n x n matrix D = (d;;) is

per D = Z Hdiﬂf(i)' (1.1)

TESy i=1

A real matrix is doubly stochastic if its entries are nonnegative and every row and column sum equals
one. Write €, for the set of such n x n matrices and J,, for the matrix with every entry 1/n. Wang’s
transform is the map W, : Q, — Q, defined by

nd, + A
Wnld) ==

(1.2)

Wang proposed inequality (1.3) [1]. Minc included it in his catalogue of open problems [2, Sec-
tion 8.4] and restated it as Conjecture 4 in his 1983 survey [3, Section 5]. Cheon and Wanless retained
it as Conjecture 4 in their later update [4]. Lih and Wang proved a stronger monotonicity result
in order three [5]. Chang and Foregger independently proved order four [4,7,8]. Chang handled
matrices outside a neighbourhood of J,, [6], and Hwang handled matrices that become a nontrivial
block-diagonal direct sum after row and column permutations [4,9].

Theorem 1.1. For every positive integer n and every A € Q,, the following inequality holds, with
equality if and only if A = J,:
per A > per W, (A). (1.3)

The proof compares a lower bound for per A with an upper bound for per W,,(A).



For a real matrix X = (=), its Frobenius norm is defined by [ X||% = Write 72 =

2
PR SN
0,j i
|A — Jn||%, and put v, = n!/n" for every n > 1. For n > 2, define

n

Z n!/k! (1.4)

— 1 1 Cpn/ym —1
Cp="0 =+, b=
" (n+1)n’ In=on T3z M n—1
Theorem 1.2. For every integer n > 2 and every A € Q,,
per A > 'ynea"r2, per Wy (A) < v, (1 + byr?). (1.5)

We will show that 0 < b, < 1/(2n) < a,, for every n > 2. The bounds in (1.5) then give the global
gap )
per A — per W,,(A4) > v, (e™" —1 — bnr2)
> yn(an — bn)rQ.

The positive coefficient in the last bound is explicit; no optimality is claimed. We proved the lower
estimate and the centered subpermanent bound used here in [10]. Section 2 states these inputs
precisely. Section 3 derives the Wang-specific upper estimate, and Section 4 compares the constants
and completes the proof.

(1.6)

2 Input estimates

We proved the lower estimate in (1.5) for every n > 2 and every A € €2, in [10, Theorem 1.2, first
inequality], including matrices on the boundary. We use that result without repeating its proof.

For a real n x n matrix X and row and column sets R, S of equal size, write X[R, S| for the
corresponding submatrix. Let

os(X)= >  perX[R,S], oo(X) =1.

R,SCIn]
|R=]5|=s

A matrix has zero margins if every row and column sum is zero. Let I, be the identity matrix, let
Q = In — Jn, and set || X |lop = sup, o [| Xvll2/[[v]2-

Lemma 2.1 (Centered subpermanents; [10], Lemma 3.1). For every integer n > 2, every real n X n
matriz X with zero margins and || X ||op < 1, and every 2 < s < n,

05(Q)

n—1

o5 (X)] <

1X 1% (2.1)

We proved this estimate in [10, Lemma 3.1]. Its proof also establishes o4(Q) > 0 for 2 < s < n [10,
equation (3.5)]. As verified just after that lemma in [10], if A € ©Q,, then X = A — J,, has zero margins
and || X|lop <1, so (2.1) applies.

3 The transformed upper bound

Let X = A — J,. In [10, equation (4.1)] we proved the centered expansion, valid for every real ¢:

per(J, + tX) = zn: (n—s)!
s=0

t05(X). (3.1)

nn—s



Here 01(X) = 0 because the entries of X sum to zero, and the s = 0 term equals 7,. Substitute
t=1/(n+1) in (3.1), apply Lemma 2.1 term by term, and use r? = || X||%:

r? & (n—s)!
per Wn(A) <Yn+ n—1 52:22 n”—s(n i 1)50'3(62)' (3'2)

The sum is exactly per W,(I,) — v, by (3.1), since I, — J, = Q and 01(Q) = 0. Let 1 = (1,...,1)T.
Then

.
Wn(fn):M,
n+1
T n n n n| (33)
11 I,) = — k) = —.
per(117 + 1) z(k)< -3k

The first sum counts the terms obtained by choosing identity entries in a subset of positions before
taking the permanent of the remaining all-ones matrix. Hence per W, (I,) = C,,, and (3.2) becomes

Cn —In
per W, (A) < v, + fzﬂ = Y (1 4 byr?), (3.4)

proving the second half of Theorem 1.2.

4 The constant comparison and final proof

4.1 Comparison of the constants

It remains to show that the two coefficients in (1.5) separate strictly. The sum in (3.3) is the integer
len!|: the omitted tail of en! = Y72 n!/k! is strictly between zero and one. Indeed, for k > n + 1 its
first term is 1/(n + 1) and each later term is at most 1/(n + 1) times its predecessor. Thus

en! Ch n \"
Cn:(nL—i—lj)" and 'y<6<n—|—1> . (4.1)

For x > 0, the elementary logarithm inequalities log(1+z) > z —2?/2 and log(1 + ) > x/(1 + ) give
1 —nlog(l+1/n) < o <1 <1+ ! ) (4.2)
—nlo n) < —<lo — ). .
& 2n & 2(n—1)

For the second comparison, apply the second inequality at x = 1/[2(n—1)] and observe that x/(14z) =
1/(2n —1) > 1/(2n). Taking exponentials in (4.1)—(4.2) shows

Chn ) 1
n—1 (—1 < —. 4.3
-1 (22 -1) <3 (4.3
This estimates b, from above. For its positivity, we proved o4(Q) > 0 for 2 < s < n in [10, equa-
tion (3.5)]. Also, by the zero-line-sum identity o9(Y) = ||Y||%/2, valid for every real matrix Y with
zero line sums,

2 _

To see the identity, expand o2(Y) and sum over two distinct rows and columns; after fixing one entry
Yij, the sum of entries in the complementary rows and columns is y;; because all line sums vanish.
Therefore the sum in (3.2) with @ is strictly positive, so Cy, > =, and b, > 0.

> 0. (4.4)



If n >3, (4.3) and (n — 1)2 > n give
1 1
bp < ———= < — < ap. 4.5
"Son—1)2 "2 S (45)
For n = 2, direct substitution gives by =1/9 < 1/4 < ag = 1/3. Thus 0 < b, < 1/(2n) < a, for every
n > 2.
The strict comparison makes equality analysis of the two individual estimates unnecessary: their
combination separates the permanents whenever A # J,.

4.2 Completion of the proof
Proof of Theorem 1.1. Let n > 2. Theorem 1.2 and e¥ > 1 + y give
per A — per W, (A) > v, (ea”r2 —1—b,r?)
> n(an = ba)r?,

which proves (1.6). The comparison above gives a,, > by, so the last expression is strictly positive
when A # J,. At A = J,, both permanents equal «y,. For n = 1, the only doubly stochastic matrix
is A = J; = [1]; it is fixed by Wi, and both permanents equal one. This proves (1.3) and its equality
claim. O
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